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Abstract
We show that the degrees of the complex irreducible characters of a finite group G are determined by the
number of expressions of the identity as a product of k commutators for each k. Similar results are proved
regarding real-valued irreducible characters, and the methods are then combined with modular methods to
obtain results about real-valued p-blocks of defect 0.
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Introduction
Given a finite group G, several results are known connecting the number of expressions of
group elements as products of commutators and the complex irreducible characters of G. For
example, W. Burnside [1] proved (or, strictly, posed an exercise to prove) that an element g ∈ G
is expressible as a product of r commutators if and only if
∑
χ∈Irr(G)
χ(g)
χ(1)2r−1
> 0.
We consider the function γ : G → Z+ defined by
γ (g) = ∣∣{(a, b) ∈ G × G: [a, b] = g}∣∣.
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3522 G.R. Robinson / Journal of Algebra 321 (2009) 3521–3526S.P. Strunkov [2] proved that, for a given prime p, G has a p-block of defect zero if and only if
there is an element g ∈ G such that γ (g) is not divisible by p. It is well known and easy to see
that γ is a character of G. In fact, it is possible to prove that γ may be afforded by a ZG-module.
J.L. Alperin has asked whether there is a “natural” module affording character γ .
Here, we examine further the relationship between γ (and related functions), and the irre-
ducible characters of G. Our main result is that the degrees of the irreducible characters of G are
determinable from knowing (for each positive integer k) how many expressions each g ∈ G has
as a product of k commutators.
Notation. Given a set S, we denote its cardinality by |S|. Let G be a finite group and let A
denote the complex group algebra CG. For an element x of G, let Cx denote the class sum of x
in Z(A). We denote the regular representation of G by ρ, and its character by ρ˜. For χ a complex
irreducible character of G, let λχ : Z(A) → C be the homomorphism defined by zλχ = χ(z)χ(1)
for all z ∈ Z(A) and let eχ denote the primitive idempotent ∑g∈G χ(1)χ(g−1)|G| g of Z(A). Let
(cf(G),∗) denote the ring of complex valued class functions of G, where ∗ is the convolution
product defined by f1 ∗ f2(x) =∑y∈G f1(xy)f2(y−1) for functions f1, f2 : G → C. It is well
known that if χ,μ are irreducible characters of G, then
χ ∗ μ = |G|χ
χ(1)
δχμ.
Hence there is an algebra isomorphism φ : (cf(G),∗) → Z(CG) defined by
( ∑
χ∈Irr(G)
aχχ
)
φ =
∑
χ∈Irr(G)
aχ
|G|
χ(1)
eχ =
∑
g∈G
( ∑
χ∈Irr(G)
aχχ
(
g−1
))
g.
For (a, b) ∈ G × G, we set c(a, b) = [a, b] = a−1b−1ab, and we define the (class) function
γ : G → Z+ via γ (x) = |c−1({x})| for all x ∈ G. As remarked in the introduction, this is the
number of ordered pairs (a, b) ∈ G × G such that x = [a, b]. We set γ 1 = γ, γ j = γ j−1 ∗ γ for
j > 1. By induction, for each g ∈ G, γ j (g) is easily seen to be the number of ordered 2j -tuples
(a1, b1, . . . , aj , bj ) of elements of G such that g = [a1, b1] . . . [aj , bj ].
For each positive integer r , we let Irrr (G) denote the set of complex irreducible characters
of G of degree r .
We prove here:
Theorem. The sequence [γ j (1G)] determines |Irrr (G)| for each positive integer r .
Proof. Set
T =
∑∣∣CG(x)∣∣Cx−1Cx ∈ Z(A)
x
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Notice that T =∑g∈G γ (g)g, after noting that γ (g) = γ (g−1) since [a, b]−1 = [b, a]. Also, for
each irreducible character, χ , of G, we have T λχ = ( |G|χ(1) )2. Hence we have
T =
∑
χ∈Irr(G)
( |G|
χ(1)
)2
eχ =
∑
χ∈Irr(G)
|G|
χ(1)
∑
g∈G
χ
(
g−1
)
g.
Thus
γ =
∑
χ∈Irr(G)
|G|χ
χ(1)
.
Notice, then, that γφ = T . Hence
T j = γ jφ =
∑
χ∈Irr(G)
( |G|2j−1χ
χ(1)2j−1
)
φ
for each positive integer j .
We note that M is a positive definite real symmetric matrix, so is diagonalizable via an or-
thogonal matrix. Let ‖M‖ denote the norm of M (the usual operator norm on the algebra of
|G| × |G| (complex) matrices), which coincides here with the largest eigenvalue of M (in this
case, we have ‖M‖ = |G|2). Let s be a complex number, and set
p(s) = det(I − sM) = det(exp(log(I − sM)))
= exp(trace(log(I − sM)))= exp
(
−
∞∑
j=1
sj
trace(Mj )
j
)
(these manipulations are valid for s such that ‖sM‖ < 1, so for |s| < 1|G|2 ).
Setting f (s) = −∑∞j=1 sj trace(Mj )j , we see that
p′(s)
p(s)
= f ′(s) = −
∞∑
j=0
sj trace
(
Mj+1
)= −|G| ∞∑
j=0
sj γ j+1(1)
(for |s| < 1|G|2 ). Set p(s) =
∑∞
r=0 arsr (though only finitely many ar are non-zero). We obtain
the recurrence
ar+1 = − |G|
r + 1
(
r∑
j=0
ar−j γ j+1(1)
)
.
Since a0 = 1, this shows that the polynomial p(s) is determined by knowledge of each γ j+1(1G).
The roots of p(s) are the reciprocals of the eigenvalues of M , occurring with the appropriate
multiplicities, so the proof of the Theorem is complete. 
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using the recurrence above. In turn, this determines γ j (1G) for all j . In fact, the minimum
polynomial of M is multiplicity-free of degree k0, the number of distinct degrees of irreducible
characters of G.
Notice also that a positive integer d is the degree of an irreducible character of G if and only
if f ′ has a simple pole at d2|G|2 .
Square roots and other miscellanea
Since M is a positive definite real symmetric matrix, it has a unique positive definite square
root. Since M has largest eigenvalue |G|2, this may be calculated by the formula
|G|
( ∞∑
j=0
(
M
|G|2 − I
)j ( 1
2
j
))
(the series does converge in the usual matrix norm and it is not difficult to verify that the limit
is positive definite). This form has the advantage of being determined (relatively) explicitly in
terms of M . Since M = Tρ, we deduce that
∑
χ∈Irr(G)
( |G|
χ(1)
)
eχ = |G|
( ∞∑
j=0
(
T
|G|2 − I
)j ( 1
2
j
))
.
By a slight abuse, we denote this element of Z(CG) by
√
T from now on.
Another reason for interest in this element is that
√
T = (∑χ∈Irr(G) χ)φ, so that determination
of the element
√
T determines the character
∑
χ∈Irr(G) χ .
If, instead of considering expressions as products of commutators, we consider expressions
as products of squares, analogous results about real-valued characters are obtained, and the
Frobenius–Schur indicator enters the discussion.
Let IrrR(G) denote the set of real valued irreducible characters of G, and let ν(χ) denote the
Frobenius–Schur Indicator of the irreducible character χ (this is 0 if χ is not real-valued, 1 if χ
may be afforded by a real representation, and −1 if χ is real-valued, but may not be afforded by
a real representation).
Let ψ be the generalized character
∑
χ∈IrrR(G) ν(χ)χ . Then, as is well known and easy to
check, ψ(g) is the number of elements x ∈ G such that x2 = g, and by a slight abuse, we write
ψ(g) = |√g|.
Let
TR =
∑
x
∣∣CG(x)∣∣C2x ∈ Z(A)
(x running through a full set of representatives for the conjugacy classes of G). Then
TR =
∑
χ∈IrrR(G)
( |G|
χ(1)
)2
eχ =
∑
χ∈IrrR(G)
|G|
χ(1)
∑
g∈G
χ
(
g−1
)
g.
We note that TR = (ψ ∗ ψ)φ. We set γR = ψ ∗ ψ .
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Theorem. The number of real-valued irreducible characters of G of each degree can be deter-
mined from the sequence [γ j
R
(1G)].
Remark. Notice that γ j
R
(1G) is the number of ordered 2j -tuples (a1, b1, . . . , aj , bj ) of elements
of G with a21b
2
1 . . . a
2
j b
2
j = 1G. Again, we do not to know these numbers for all j , only for
j  |G|.
We also remark that Strunkov’s argument from [2] may be modified here to:
Theorem. For any prime p, G has a real-valued irreducible character in a p-block of defect 0
if and only if there is an element g ∈ G such that the number of ordered pairs (a, b) of elements
of G such that g = a2b2, is not divisible by p.
Now we will consider further:
Modular and p-adic methods
Let us fix a prime p and set F = GF(p). For each z ∈ Z(FG), we may write uniquely z =
zs + zn, where zs is semisimple, zn is nilpotent, and zs ∈ Z(FG). Furthermore, there is a power
of p, say q , such that zq = zs for all z ∈ Z(FG). We consider Z(ZpG) under the metric induced
by the natural metric on Zp . Let E0 ∈ Z(ZpG) denote∑r:|G|p |r:χ∈Irrr (G) eχ , the sum of the block
idempotents of the p-blocks of defect zero of G.
It is immediate that E0 = limn→∞(T p−12 )qn if p is odd and E0 = limn→∞ T qn if p = 2.
For U ∈ Z(ZpG), let U˜ denote its (natural) image in Z(FG). Then
T˜ =
∑
x
∣∣CG(x)∣∣C˜x−1C˜x ∈ Z(A)
(x running through a full set of representatives for the conjugacy classes of G such that p does
not divide |CG(x)|). Hence
E˜0 = T˜ p−12 s =
(∑
x
∣∣CG(x)∣∣1F C˜x−1sC˜xs
) p−1
2
(summing over the same set of x).
However, when p does not divide |CG(x)|, C˜x lies in TrG1 (FG), so, in particular lies in the
Reynolds ideal of Z(FG). Thus (as is well known), C˜x annihilates J (FG). Hence
C˜x−1C˜x = (C˜x−1)s(C˜x)s,
and we have
E˜0 = T˜ p−12 s =
(∑∣∣CG(x)∣∣1F C˜x−1C˜x
) p−1
2x
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E˜0 = T˜ s =
∑
x
C˜x−1C˜x
for p = 2 (in either case, x running through a full set of representatives for the conjugacy classes
of G such that p does not divide |CG(x)|).
A similar argument shows that
E˜1 = T˜
p−1
2
R
s =
(∑
x
∣∣CG(x)∣∣1F C˜2x
) p−1
2
for p odd and
E˜1 = T˜Rs =
∑
x
C˜2x =
(∑
x
C˜x
)2
for p = 2 (in either case, x running through a full set of representatives for the conjugacy classes
of G such that p does not divide |CG(x)|), where E1 denotes the sum of the primitive cen-
tral idempotents corresponding to real-valued irreducible characters of degree divisible by |G|p .
Notice also that if G has even order and p = 2, then
E˜1 = T˜Rs =
∑
x
C˜2x =
(∑
x
C˜x
)2
for x running through a full set of representatives for those conjugacy classes of elements of G
such that |CG(x)| is even.
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